We construct a pinching semiconjugacy from a quadratic polynomial f c ðzÞ ¼ z 2 þ c with c A ð0; 1=4Þ to f 1=4 ðzÞ ¼ z 2 þ 1=4 on the sphere. By lifting this semiconjugacy to their natural extensions, we investigate the structure of the regular leaf space of f 1=4 in detail.
Introduction
As an analogy to hyperbolic 3-orbifolds associated with Kleinian groups, Lyubich and Minsky [1] introduced hyperbolic orbifold 3-laminations associated with rational maps. For a given rational map of degree b2, considering its natural extension and regular leaf space is the first step to the construction of such a hyperbolic orbifold 3-lamination.
However, the global structures of the regular leaf spaces of rational maps are not precisely known except only a few examples. Here is one of such examples. Now we may expect the simplest deformation of these regular leaf spaces as c tends to 1=4 along the real axis. Then the dynamics inside the Julia sets degenerate from ''hyperbolic'' to ''parabolic'', though the dynamics on and outside the Julia sets are still topologically the same as f 0 . In this paper, we describe the structure of the regular leaf space of f 1=4 ðzÞ ¼ z 2 þ 1=4, whose Julia set is called the cauliflower, by using a pinching semiconjugacy from f c with c A ð0; 1=4Þ to f 1=4 . We will see that the transversal structure of those regular leaf spaces are preserved, however, the dynamics on the invariant leaves corresponding to the fixed points are change from ''hyperbolic'' to ''parabolic''.
In this section, we first survey some basic notion of complex dynamics of quadratic maps and their natural extensions. In §2, we construct tessellation (or tiling) of the interior of the filled Julia sets of f c with c A ð0; 1=4 in a dynamically natural way. In §3, we construct a pinching semiconjugacy from f c with c A ð0; 1=4Þ to f 1=4 by gluing tile-to-tile homeomorphisms and the conjugacy 167 on and outside the Julia sets. In §4, we lift such a semiconjugacy to their regular leaf spaces and describe their degeneration.
Preliminaries
The Julia set. Let us set f c ðzÞ ¼ z 2 þ c ðc A CÞ and consider it as a rational map on the Riemann sphere C ¼ C U fyg with f c ðyÞ ¼ y. The filled Julia set K c of f c is defined by
The Julia set J c of f c is the boundary of K c . One can easily check that those sets are forward and backward invariant under the action of f c . Now suppose that K c is connected. (Thus so is J c .) We denote the unit disk by D. For the outside of K c , there exists a unique conformal map f c :
; and
. f c ðzÞ=z ! 1 as z ! y.
Moreover, if J c is a Jordan curve, f c continuously extends to f c :
Now let us restrict our interest to the case of c A ð0; 1=4. In our particular situation, it is known that J c are Jordan curves. Thus by looking through the map f c , the dynamics on and outside the Julia sets are topologically the same as z 7 ! z 2 . For y A R=Z, set g c ðyÞ :¼ f
À1
c ðe 2piy Þ. Then points on J c are parameterized by angles in R=Z. See [3, §18] for more details.
We define some more notation:
Þ=2 which is the attracting (or parabolic i¤ c ¼ 1=4) fixed point of f c with multiplier
The natural extension. Next we follow [1, §3] . For f c as above, let us consider the set of all possible backward orbits
This set is called the natural extension of f c , and is equipped with a topology from C Â C Â Á Á Á : On this natural extension, the lift of f c and a natural projection are defined byf . For each leaf L, we can introduce a complex structure such that p c : L ! C is an analytic map. .f f c maps a leaf to a leaf isomorphically.
This lemma holds for any c A C. In our case, we have:
If c A ð0; 1=4, R c has the following properties:
This proposition is immediate from lemmas in [1, §3] .
Making tiles
For the first step, we will decompose the interior K c of K c with c A ð0; 1=4 into countably many tiles and describe their relations.
Before making tiles, we introduce some notation. For c A ð0; 1=4, let I c ð0Þ denote the interval ½a c ; b c H R. In particular, I 1=4 ð0Þ ¼ f1=2g. Since I c ð0Þ contains no critical orbit, preimages of I c ð0Þ by f c are univalently spread out with one of their endpoints on the Julia set. Set I c :¼ 6 ib0 f Ài c ðI c ð0ÞÞ. For y A Q=Z of the form k=2 n , we denote the connected component of I c containing g c ðyÞ by I c ðyÞ. As c ! 1=4, I c degenerates into I 1=4 which is the grand orbit of the parabolic fixed point 1=2.
Tiles of K
c with c A ð0; 1=4Þ Suppose c A ð0; 1=4Þ. Then a c is an attracting fixed point and K c is its attracting basin. On a neighborhood of a c , there exists a linearizing coordinate F c which analytically conjugates the action of f c near a c to w 7 ! l c w near the origin. Moreover, we can extend this map to F c : K c ! C, and it is unique up to multiplication by a constant [3] .
For the purpose of better understanding the di¤erence between the cases of c A ð0; 1=4Þ and c ¼ 1=4, let us take an additional conjugation by w 7 ! w þ 1=ð1 À l c Þ on C. Then we can uniquely define . All components of I c V K c are mapped univalently onto the interval ½a c ; yÞ.
For the boundary of A c ðm;GÞ, we call the edge on the interval ðÀy; a c Þ (resp. ½a c ; yÞ) the critical edge (resp. degenerating edge). We call the edges shared by A c ðm À 1;GÞ or A c ðm þ 1;GÞ the circular edges.
By the facts above, F . We call such a T a tile, and the triple ðy; m; þÞ the address of the tile T. We also define T c ðy; m; ÀÞ in the same way. We denote the collection of all possible T by T c , and call it the tessellation of K c . Now it is clear that K c is the closure of 6fT A T c g.
For each T A T c , F c maps T to an A A A c homeomorphically. For the boundary of T, critical (resp. degenerating, circular) edges are defined by the boundary arcs corresponding to the critical (resp. degenerating, circular) edges of A. Now we give relations among tiles: Proof. The first three properties come from the definition of tiles. One can easily check property (4) in the case of y ¼ 0. For general y of the form k=2 n A Q=Z, suppose that T ¼ T c ðy; m; þÞ shares the critical edge with T 0 A T c . Then T 0 is the form T c ðy 0 ; m; ÀÞ since F c maps T and T 0 to A c ðm; þÞ and A c ðm; ÀÞ respectively. Now f n sends T univalently to T c ð0; m þ n; þÞ which shares the critical edge with T c ð2 mþn ; m þ n; ÀÞ. Thus f n ðT 0 Þ ¼ T c ð2 mþn ; m þ n; ÀÞ. Note that f n ðT U T 0 Þ joins I c ð0Þ and I c ð2 mþn Þ. By pulling it back by a suitable univalent branch of f n , T U T 0 must join I c ðyÞ and I c ðy þ 2 m Þ. This implies
Tiles of K 1=4
Next we make the tessellation T 1=4 for K 1=4 in the same way as above. Now a 1=4 ¼ 1=2 is the parabolic fixed point and K 1=4 is its parabolic basin. On an attracting petal of a 1=4 , there exists a Fatou coordinate F 1=4 which analytically conjugates the action of f 1=4 to w 7 ! w þ 1. Moreover, we can uniquely extend this Fatou coordinate to
. F 1=4 ð0Þ ¼ 0; and . F 1=4 is infinitely branched covering whose branch points are . The vertices of fundamental semi-cylinders on the real axis ðÀy; yÞ are the images of the grand orbit of 0. In particular, all of the ramified points (critical values) of F 1=4 are on the interval ðÀy; 0.
. All components of I 1=4 are outside of the domain of F 1=4 .
For the boundary of A 1=4 ðm;GÞ, we call the edge on the real axis the critical edge. We also call the edges shared by A 1=4 ðm À 1;GÞ or A 1=4 ðm þ 1;GÞ the circular edges. Note that A 1=4 ðm;GÞ has no edges corresponding to degenerating edges of fundamental semi-annuli. n such that I 1=4 ðyÞ A I 1=4 is the limit of C 1=4 ðtÞ as t tends to þy along the real axis. Thus for A 1=4 ðm; þÞ A A 1=4 , C 1=4 maps the interior of A 1=4 ðm; þÞ to a simply connected subset of K 1=4 . Since C 1=4 extends continuously to the boundary of A 1=4 ðm; þÞ, we denote its image by T ¼ T 1=4 ðy; m; þÞ H K 1=4 . We also define T 1=4 ðy; m; ÀÞ in the same way. We denote the collection of all possible T by T 1=4 , and call it the tessellation of K 1=4 . Now it is also clear that K 1=4 is the closure of 6fT A T 1=4 g.
For each T A T 1=4 , F c maps T to an A A A 1=4 homeomorphically. For the boundary of T, critical (resp. circular) edges are defined by the boundary edges corresponding to the critical (resp. circular) edges of A. Note that T 1=4 ðy; m;GÞ does not contain the point I 1=4 ðyÞ A J 1=4 , and has no edges corresponding to degenerating edges.
The relations among tiles are given in the same way as Proposition 2.1:
For T ¼ T 1=4 ðy; m; þÞ A T 1=4 , we have the following properties:
(1) f 1=4 ðTÞ ¼ T 1=4 ð2y; m þ 1; þÞ. Moreover, f 
Construction of the semiconjugacy
Here we construct a semiconjugacy which pinches I c to I 1=4 : . For each y ¼ k=2 n A Q=Z, H c maps an arc I c ðyÞ onto a point I 1=4 ðyÞ.
Proof. The rest of this section is devoted to the proof of this theorem. Let us fix c A ð0; 1=4Þ.
Conjugation on tiles. First we make a homeomorphism between A c ð0; þÞ À ½a c ; yÞ (a tile minus its degenerating edge) and A 1=4 ð0; þÞ. Take w A A c ð0; þÞ À ½a c ; yÞ, and set re it :¼ w À a c with ða c À 1 ¼Þl c a c a r a a c and 0 < t a p. Now set Similarly, we define h c on A c ðm; ÀÞ À ½a c ; yÞ. Then we obtain a homeomorphism h c : C À ½a c ; yÞ ! C, moreover, h c is a topological conjugacy between S c j ðC À ½a c ; yÞÞ and S 1=4 .
Next, let us take y of the form k=2 n A Q=Z, and take m A Z. We define a map between T c ðy; m; þÞ À I c ðyÞ (a tile minus its degenerating edge) and T 1=4 ðy; m; þÞ as follows: There is a unique branch C Extension to a global semiconjugacy. Finally we define H c outside the Julia set by
1=4 f c ðzÞ; which gives a topological conjugacy on the domain, and continuously extends to the conjugacy H c :
Then H c inside and outside J c are continuously glued along J c . Now H c : C ! C is a desired semiconjugacy. 9
Remark. There are other possible choices of the conjugacy h c : C À ½a c ; yÞ ! C with better regularity. For example, for w ¼ a c þ re it with r > 0 and 0 < t < 2p, one may also use
Remark 2. The arc C in the proof above exists. First, take tiles T ¼ T c ðt; Àm; þÞ and T 0 ¼ T c ðt 0 ; Àm; ÀÞ. By Proposition 2.1, T and T 0 share the critical edges with T 1 ¼ T c ðk=2 mÀ1 ; Àm; ÀÞ and T 
Degeneration of the regular leaf spaces
Finally we investigate the structure of R 1=4 , the regular leaf space of f 1=4 , and the degeneration of the invariant leaf corresponding tob b c .
We begin with some notation and preliminary remarks. For c A ð0; 1=4, let us setÎ I c :¼ p 
Dynamics on the invariant leaves. Let us describe property (3) in further detail. Now the semiconjugacyĤ H c maps L c U fâ a c g onto L 1=4 U fâ a 1=4 g. Within R c and R 1=4 , we observe this as following.
For c A ð0; 1=4Þ, L c compactly contains all but one component of p on the regular leaf space of the cauliflowerc A ð0; 1=4Þ,Ĥ H c preserves the Cantor set direction of such neighborhoods, and the holonomies of fibers of p c and p 1=4 . 2. The hyperbolic 3-lamination of f c is constructed by adding ''height'' to the leaves of R c to obtain leaves isomorphic to H 3 . Though the actual construction in [1] is very complicated, we may hope that the pinchingĤ H c will naturally extend to this hyperbolic 3-lamination and describe the degeneration as c tends to 1=4. 3. For a quadratic polynomial with an attracting cycle, we can consider its degeneration to a parabolic cycle with multiple petals. To investigate the associated degeneration of the regular leaf spaces, the method developed in this paper would be useful. Make a semiconjugation between the maps, and lift it to their natural extensions. Then the lifted semiconjugation would give us essential information about the degeneration (or bifurcation) of the regular leaf spaces.
